We propose a geometry-specific, mode-selective quantization scheme in coupled field-emitter systems which makes it easy to include material and geometrical properties, intrinsic losses as well as the positions of an arbitrary number of quantum emitters. The method is presented through the example of a spherically symmetric, non-magnetic, arbitrarily layered system. We follow it up by a framework to project the system on simpler, effective cavity QED models. Maintaining a well-defined connection to the original quantization, we derive the emerging effective quantities from the full, mode-selective model in a mathematically consistent way. We discuss the uses and limitations of these effective models.
I. INTRODUCTION
Quantum technology applications heavily involve implementations of all-optical devices and information processing at the quantum level, for which it is necessary to control the interaction of quantum emitters with light. Optical resonators make up only a portion of setups where strong light-emitter interaction is achieved: quantum emitters coupled to plasmonic eigenmodes of metallic nanostructures constitute a promising class of such systems [1] [2] [3] [4] . Here, the emitters interact with extremely confined travelling or local plasmon modes, so that a strong coupling interaction regime is possible [5] [6] [7] [8] [9] [10] [11] [12] [13] .
Regardless of the actual physical realisation, all these systems essentially consist of quantum emitters interacting with bosonic resonances, thus, the multimode effective models developed in cavity quantum electrodynamics (cQED) are applicable to the whole range of them. They have the advantage to be very clear and efficient, however, assigning the values of the coupling constants is not always an easy task.
On the other hand, there exist quantization methods based on the linear response of the environment surrounding the quantum emitters [14] [15] [16] [17] [18] [19] [20] [21] . Based on the Green tensor of the system, they allow for introducing geometrical and material properties, as well as emitter positioning into the model. Also, the detailed contributions to the behaviour of a given coupled system are often difficult to resolve.
The main goal of this paper is to create a framework that connects a mode-selective, Green tensor based quantization with the effective quantum mechanical models used in cavity QED. In this way, one can precisely calculate the emitter-field coupling constants from the geometry and arrangement of the * Electronic address: david.dzsotjan@u-bourgogne.fr systems, the material properties of the dielectric bodies in it, and the position of the quantum emitters (atoms, molecules, quantum dots, etc). Being able to introduce and position multiple emitters is an important feature that allows for studying their collective interactions, mediated by the modes of the environment. We give a consistent guideline for creating a geometry-specific, mode-selective quantization relying on the Green tensor of the system. Being inherently geometryspecific, the quantization is demonstrated through the example of a spherically layered, non-magnetic medium, but it can be analogously extended to geometries with different symmetries.
From this mode-selective, quantized model we derive a class of effective cQED models where the field operators depend only on frequency and the mode indices. As a result, one can work with a much more streamlined, easier-to-handle model that only contains the parameters which are necessary for the given investigation. Applying a further transformation, one even has the freedom to keep track only of the relevant mode indices and get rid of the others. The transition to these effective models is performed by the aid of a separation into "dark" and "bright" subspaces of the total Hilbert space.
Finally, we present a way to derive a class of effective cQED models where the creation/annihilation operators no longer have a continuous spectral dependence -instead, they each are globally associated to respective resonance peaks of the structured reservoir. It is a useful model if one is not interested in following the excitations in the field in a frequencyresolved fashion, the only relevant information being which resonance peak is excited as a whole. Here, each separate mode is represented by a single, lossy field operator.
The connection with the original, mode-selective quantization is well defined, so that all the required parameters in the effective models can be easily obtained from the Green tensor of the system. The article is organized as follows. In Sec. II we set the stage for the quantization by expanding the electromagnetic field in a spherically symmetric, nonmagnetic, multilayer system and describing the structure of the Green tensor. Sec. III presents the mode-selective quantization scheme where we derive operators associated with particular vector harmonic terms of the field. Next, in Sec. IV different kinds of effective cQED models are presented, as well as their connection to the mode-selective quantization. We derive a continuous effective model with a single (Sec. IV A), as well as several emitters (Sec. IV B). This is followed by the derivation of discrete effective models where we have a single field operator per resonance, for a single, as well as for several emitters in Secs. IV C and IV D, respectively. We summarize the results and implications in Sec. V.
II. CLASSICAL MODE EXPANSION IN A SPHERICALLY SYMMETRIC, MULTILAYER SYSTEM
In the following, we are going to show that it is possible to quantize a spherically symmetric system in a way where the field operators create and annihilate elementary excitations associated with individual spherical harmonic orders. The initial steps of the method follow the scheme presented in [16] . We start with Maxwell's classical equations, where we introduce a charge and current density source term ρ N and j N , respectively, usually called "noise polarisation" and "noise current" in the literature. They are needed in order to later construct creation and annihilation operators for elementary excitations. In Fourier space, we can write
where the noise charge density and the noise current density, respectively, are
The noise polarisation P N shows up as a small fluctuation term in the polarisation:
Combining Eqs (2) and (4), we get the wave equation for the electric field, with the noise current as source:
In terms of the Green tensor of the system, the classical electric field reads
where the Green tensor obeys the Maxwell-Helmholtz wave equation:
So far, the description is completely independent of the specific geometry of any given system. However, in order to construct a class of operators which separately create or annihilate excitations in arbitrary modes of a system, we have to take into account the geometry inherent to it.
The Green tensor for a given system can be expanded on the tensorial basis obtained from a well chosen set of harmonic vector functions. On the one hand, this serves the technical purpose of fulfilling the boundary conditions. On the other hand, if the system has intrinsic resonances, using this expansion enables one to efficiently describe and handle these, the harmonic vector functions containing the properties of the current geometry. In this work, we consider a spherically layered geometry, and, as a special example, a spherical metallic nanoparticle, which is a benchmark configuration for a cQEDlike description of localized surface plasmons. Solving the equation
we obtain, as described in [22] [23] [24] , the spherical vector harmonic eigenfunctions:
where q ≥ 0 is a parameter having the dimensionality of the wave number, e and o refer to "even" and "odd", respectively, and n, m are discrete harmonic indices. z n denotes a spherical harmonic function of n-order which can be a spherical Bessel or a spherical Hankel function, depending on regularisation requirements. Finally, P m n are the associated Legendre polynomials, labeled with the harmonic indices. The spherical vector harmonics used for the expansion of the Green tensor are constructed as
where M(r, q) and N(r, q) are continuous-spectrum eigenvectors of
with eigenvalue q 2 , and L(r, q) spans the nullspace of the ∇ × ∇× operator. It can be shown that the spherical vector harmonics form a complete basis parametrized by the discrete indices n = 0, 1, 2, ... (to ∞), m = 0, 1, 2, ..., n , p = e, o (even or odd), as well as the continuous variable q ≥ 0. The basis is orthogonal in these parameters but it is not normalized. Appendix A contains the explicit form of the spherical vector harmonics in detail, as well as their orthogonality relations.
Due to the layered nature of the system, we will also encounter the situation of q depending on r (i.e., the radius). In this case, the orthogonality relations change tô
where
the integrand being the r -dependent expression that is left after one performs the integrations over the angles θ and φ. However, the changes due to the layered structure do not affect the orthogonality between the spherical indices n, n , m, m and the parity p = e, o. The normalization factor reads
the upper and lower signs on the right hand side referring to even and odd parities, respectively. The Green tensor of a general N -layered spherical system (shown in Fig. 1 ) is expressed as
where f is the index of the layer wherein the field point r is located, and the source point r is contained in layer s. In case r and r are in the same layer, we have a term that can be interpreted as direct propagation between source and field point (Ḡ 0 ) and another that results from scattering on the surrounding layers (Ḡ S ). If f = s, only the scattered term is present. For a spherically layered system, in order to fulfill the boundary conditions on the layer interfaces, we expand Green's tensor in the tensorial basis of spherical vector harmonics (see Appendix B for details),
the expansion terms having the general form
is the expansion term of the singular term inḠ 0 , so that
as explained in Appendix C. Note that the integral contains the tensorial products of the radial components of N and L only. The indices j and l can assume the values 0 and 1. For the value 0, we construct the vector harmonics with replacing the radial function z n (qr) in (12) by a spherical Bessel function of the first kind (j n (qr)), and for the value 1, we replace it by a spherical Hankel function of the first kind (h (1) n (qr)). The expansion coefficients D and E are chosen so that the boundary conditions are fulfilled and, if f = s, they contain the coefficients of the direct contribution (Ḡ 0 ) as well (see Appendix B). We assume the separate layers piecewise homogeneous, thus
where f,s is the relative electric permittivity corresponding to the layer f and s, respectively. We can create a similar expansion for the noise current as well, so that instead of having a globally defined j N , we can manage separate currents labelled by the mode expansion indices n, m and the parity p.
Next, we split off appropriate factors in order to create socalled fundamental dynamical variables [16, 21] :
where is the imaginary part of the relative electric permittivity and
that is, we represent each noise current term on the subspace spanned by the basis functions belonging to the respective n and m and p parameters. The choice to use Bessel functions for z n (qr) in the expansion is justified because it yields an orthogonal, complete set of vectorial functions, regular at the origin.
Having constructed the expansions forḠ and j N , we substitute (19) and (24) into (9), getting
where, for readability, we have grouped the harmonic and parity indices as a vectorial parametern = (n, m, p). Let us recall the identity for a tensor product of two vectors, multiplied by a third one:
As a final step, we substitute (20) , (25) and (26) into (27) , applying relation (28) and using the orthogonality relations in Appendix (A) and (15) . Note that because of the spherical symmetry of the system, (r, ω) depends only radially on r.
Integrating over r in (27) , the wave number k s depends on which layer actually r is in, and thus it changes as the radial coordinate steps across layer boundaries. However, relations (15) ensure the orthogonality with respect to the harmonic indices n and m and parity p. All these considered, we arrive at an expression where the harmonic index cross-terms vanish:
thus, we have appointed independent noise currents to each of the harmonic terms of Green's tensor.
III. MODE-SELECTIVE QUANTIZATION
Our aim is to quantize the combined field-matter system in a way that the creation and annihilation operators toggle excitations corresponding to the individual harmonic orders. In order to do so, we take the quantization scheme of [16, 21] as a starting point and then define new operators in relation to it.
Thus, taking the total noise current as in (24), we initially define the dynamic vector variable f (r, ω) as
and we subsequently derive operators from it which create and annihilate elementary excitations of the combined fieldmatter system and obey the following bosonic commutation relations:
the individual vectorial components referring to polarization directions. Accordingly, the electric field operator is given by
and the Hamiltonian for the field reads
In order to address individual harmonic excitations separately, we define operators based on the expansion (26):
where F M,N,L are the mode-selective annihilation operators associated with the vectorial harmonics M, N, and L, respectively. Note that they are scalar operators. Since K n0o (r, q) = 0, we can eliminate the parity dependence of the normalization, thus Q K nm (q) is defined as
(35) One can interpret the parameters {q, n, m, p} as coordinates in a spherical reciprocal space, analogous to {k x , k y , k z } of the reciprocal space in a Cartesian frame of reference.
Using (34), we can establish the commutation relations for the mode-selective operators. Recalling the relations of Appendix (A), we invert (34) and find
Subsequently, the commutation relations are easily obtained:
For any other combination, regardless of indices and arguments, we have
We have thus specified creation and annihilation operators associated with the spherical harmonic orders. We express the field Hamiltonian (33) with the mode-selective operators, obtaining
Let us now look at the situation where N e two-level quantum emitters, with quantum states labelled as {|g j , |e j }, where j = 1, ..., N e , interact with the mode structure of the spherically layered medium. The system under consideration is then described by the following Hamiltonian in the rotatingwave approximation:
where H F is the field Hamiltonian (33), ω j is the resonance frequency of the j-th emitter, with σ j ee = |e j e| being the projector on the excited state, and the energy of the ground state has been taken as 0. In the interaction term, we take the electric field operator at the emitter position r j , σ j + = |e j g| flips the quantum state of the j-th emitter from ground to its excited state, the transition having a dipole strength d j . Combining (33), (32) and (34) with (40), we can construct a mode-selective Hamiltonian, where the field operators address excitations associated with spherical harmonic orders:
with
Thus, we have constructed a theoretical framework that allows for addressing harmonic orders individually. By construction, it is also consistent with previous, established methods of quantization mentioned in the Introduction.
IV. EFFECTIVE CAVITY QED MODELS
In the preceding section, we have demonstrated that it is possible to quantize the spherically layered system with a set of field operators that selectively toggle excitations associated with the separate harmonic modes. This, in turn, allows for transposing cQED concepts to describe a range of systems where quantum emitters interact with eigenmodes, with a special regard to the field of nanophotonics and plasmonics.
Due to the symmetry of the geometry, resonances of such a system are structured with respect to the spherical harmonic orders. As an example, Fig. 2 shows the radially projected local density of states (LDOS), i.e.,r · Im[Ḡ (n) S (r, r, ω)] ·r, due to the presence of a silver sphere, at a position close to the surface.
In the calculations, similarly to [7] , we used a generalized Drude model for the relative electric permittivity of the silver nanosphere, i.e.,
where ∞ is the high-frequency limit of the dielectric function, ω p is the bulk plasmon frequency of the metal, and γ p is the Landau damping constant. Taking typical values ∞ = 6, ω p = 7.9eV and γ e = 51meV (see [25] ) yields a good fit to experimental data ( [26] ) for photon energies up to 3eV. One sees immediately that each plasmonic resonance peak is associated with a separate spherical order n. Thus, it is advantageous to derive cavity QED models from the full Hamiltonian (41), with field operators associated to harmonic indices. In the following, we will construct cQED Hamiltonians where field operators no longer depend on the q parameter and the label K, and only contain the relevant harmonic indices.
A. Single emitter: dark and bright modes
Let us consider a single quantum emitter at position r 1 interacting with the mode structure of a spherically layered, nonmagnetic medium, i.e., N e = 1 in (40) and (41). Based on the interaction part of these Hamiltonians, we define the effective field operators that drive the dynamics of the field-atom system. Dependent on ω and the harmonic indices, they read
withn = (n, m, p). Definition (34) along with the orthogonality relations of the spherical vector harmonics ensure that an(ω) indeed annihilates excitations associated with the harmonic term and parity (n, m, p):
where κn(ω) is the atom-field coupling (yet to be determined) and
In terms of definition (45), the interaction Hamiltonian assumes the form
To determine κn(ω), we require that the excitations created by a † n (ω) be normalized, thus
Substituting the definition of the effective operators and using the commutation relations (31), as well as the Green tensor identity for non-magnetic materials (see [20] )
for the atom-field coupling we obtain
In order to express H F in terms of the effective field operators, we make the following consideration. Since an(ω) is a particular linear combination of operators F M,N,L n (q, ω) (as well as f k (r, ω)), the field-atom dynamics driven by it involves only a certain subspace of the total Hilbert space. States belonging to the rest of the Hilbert space will be decoupled from the dynamics. Thus, if we manage to separate the original Hilbert space into orthogonal "bright" and "dark" subspaces, we can construct an effective model by keeping the first and ignoring the latter.
With a procedure, somewhat similar to the Gram-Schmidt orthogonalization, we construct the set of the dark field operators. In the following, we will use the condensed definition
which is identical with (45). A set of operators can now be defined in a way that the states excited by them will always be orthogonal to the states excited by the "bright" operators an(ω):
The orthogonality is easy to test by simply taking the commutator between the dark and bright operators and finding that it is always zero. As a final step, we use definitions (50), (51), as well as the property (following from (47))
we obtain
Thus, the non-interacting field Hamiltonian reads
(54) Since the operator (44) doesn't couple to the dark modes, i.e., the states created by the dark operators (51), these will have an independent dynamics and will not affect the dynamics of the bright modes.
We can thus work with the effective Hamiltonian restricted to the bright subspace, given as
where a single, two-level quantum emitter interacts with the mode structure of the environment. Thus, by constructing the continuous effective model in case of a single emitter, the full, 3D model is projected on an effective 1D cavity-like system (the resonance structure defined by κn(ω)). Note that this model is applicable only if the initial state of the field is separable into a bright and a dark component, i.e., there is no initial dark-bright entanglement.
Eliminating indices
The previously described method also enables us to eliminate some of the harmonic indices in case they are not relevant to the current investigation. Let us take an example where we are only interested in the radial harmonic index, n, instead of the fulln = (n, m, p). In this case, it is desirable to construct an effective model where n is the only index present. Taking (46), it is obvious that by defining the field operator
we can express the interaction Hamiltonian as
The value of the atom-field coupling κ n (ω) is, again, defined by the normalization of the field operator, i.e.,
so that we obtain
To construct the full effective Hamiltonian, we perform the dark-bright subspace separation, defining dark operators
Based on this, the dark-bright separation yields the effective Hamiltonian
It is very important to note that the dark-bright separation is feasible only if the spectrum of the non-interacting Hamiltonian (in our case ω) does not depend on the eliminated variables. Thus, for example, we could construct effective models by eliminating the variable q or additional indices because ω does not depend either on q, or on any of n, m, or p.
B. Continuous effective model with multiple two-level emitters
Several emitters and mode overlap
Let us now consider the case of N e two-level emitters interacting with the mode structure characterized byḠ(r, r , ω). Corresponding to (40) and (41), one can define the effective interaction Hamiltonian
where now we have a set of creation and annihilation operators for each atomic position r j :
analogously with the single-emitter case, and the atom-field coupling κ j n (ω) is defined as (49) for the respective emitter positions r j .
Note that the basis of spherical vector harmonics requires parameters n, m, p and q to describe an arbitrary field distribution. Constructing the effective field operators (63), we integrated over the variable q. Thus, with onlyn = (nmp), the basis ceases to be complete. That is why, unlike for the full mode-selective quantization (41), it is no longer possible to describe the field with a single set of operators, but we have { a j n (ω)} Ne j=1 . Thus, instead of N e emitters coupled to the mode structure of a single, 3D sphere, we get the interaction Hamiltonian of N e 1D cavities which have a single emitter inside them each (62).
The commutation relations for the effective field operators can be obtained with some work. Keeping in mind that, due to the orthogonality of the vector harmonics
we take (63), as well as relations (37) and (38). Simplifying the resulting expression by aid of the Dirac delta expansion in terms of spherical harmonics (see Appendix C) it becomes apparent that the creation and annihilation operators cease to be orthogonal for different emitter positions:
where we call µ ij n (ω) the mode overlap and it reads
The non-orthogonality of the field operators and the mode overlap is illustrated in Fig. 3 . With (49), it is easily seen that µ jj n (ω) = 1, thus the N e -emitter model returns the singleemitter commutation relations for N e = 1. Following the treatment seen previously, the dark-bright subspace separation is supposed to lead to the desired effective Hamiltonian.
However, the presence of the non-unity mode overlap poses a problem. Since, for different j parameters, the bright operators a j n (ω) are not necessarily orthogonal, trying to construct the dark operators similarly to (51) will not result in a set of operators that commute with the bright ones. That is to say, the Hilbert space will no longer separate into two, orthogonal subspaces if we follow this procedure.
Instead, one must include an intermediate step: the orthogonalization of the bright operator manifold with respect to the emitter position parameter. As a first step, as seen below, we reduce the manifold of the original bright operators to linearly independent ones.
Non-independent field operators
In a given arrangement, it can happen that the mode overlap for two emitters is unity. If one aims for maximizing the plasmon-mediated coupling between two emitters, this is even a desirable situation. However, in such a case the bright operators belonging to each of the atoms do not create linearly independent plasmonic states -and this poses a problem if we want to orthogonalize the manifold of the bright operators. We can handle this issue by expressing two non-independent field operators with a single one, ultimately reducing the manifold to linearly independent operators.
If, for a given pair of atomic position indices (i, j), where i > j, we have
then it means that a ī n (ω) and a j n (ω) overlap completely and, as a consequence, are not linearly independent. This becomes apparent if we multiply both sides of (65) with µ ij n * (ω ). If (67) is true, we have
and, as a consequence,
Listing all the index pairs i > j where the absolute value of the mode overlap is 1 and making the above assignment in each case, we end up with a reduced dimensionality N r ≤ N e for the manifold of the field operators. Also, expressing a pair of completely overlapping field operators with a single one results in the interaction of two atoms with the same field: 
Note that the above procedure has been applied in [28] where two emitters are placed symmetrically at opposite sides of a silver sphere in order to maximize their interaction through the plasmons. In the following, we proceed with orthogonalizing this reduced manifold of bright operators.
Orthogonalizing the bright operators
Having obtained a manifold of operators which do not overlap completely, we can now orthogonalize them. There are several possible methods to choose from, depending on our convenience. For example, with a Gram-Schmidt type of orthogonalization, one can construct
. . .
where the coefficients β j ensure normalization. Depending on our needs, we can choose other methods: for example, the Householder reflection makes the orthogonalized basis inherit the symmetries of the original one. In general, we can represent the manifold of the orthogonal bright operators as where, since the operators a j n (ω) are linearly independent, the matrix made up by the elements Bn ij (ω) is non-singular. Taking the inverse of (74), we can write
Thanks to the orthonormality of the set, we have now
and thus we can perform the dark-bright separation as described in the previous Section -only instead of the original bright operators we use the reduced, orthonormalized set { b ī n (ω)}. Applying the steps described therein, we arrive at the effective Hamiltonian for N e emitters interacting with the surrounding mode structure:
where now each atom interacts with all the collective fields, with atom-field couplings
Thus, the final effective model is an ensemble of N r 1D cavity-like systems (each with its own set of operators b j n (ω)) where now the fields of the empty cavities commute (there is no mode overlap), but each emitter may interact with all cavity fields. A visual representation is given in Fig. 4 .
Two-emitter systems: two examples
To consider a particular implementation of the treatment described above, we will now look at a system where two quantum emitters are in the close vicinity of a nanosphere, thus, N e = 2. A possible arrangement is represented in Fig.  3 . As relevant mode index we take n so the interaction Hamiltonian with the initial bright operators reads
where the couplings κ 1,2 n (ω) are defined by (49) for the respective emitter positions r 1,2 . The mode overlap enters with the commutation relation
We first consider a general arrangement where the two modes are only partially overlapping, that is, |µ 21 n (ω)| = 1. Thus, the coupling strengths defined according to (71) read
Having linearly independent modes, we can proceed straight away with diagonalizing the bright operators. Following (73) as well as requiring commutiation relations (76) to apply, we get
thus, the matrix of coefficients, defined in (74), reads
Having constructed the new, orthogonal basis of bright operators, we now express the interaction Hamiltonian with them.
To do this, we invert (84), getting
This is all one needs to express the effective Hamiltonian for a two-emitter system where the overlap of the modes excited by the emitters is not complete. Using (78), we obtain the couplings to the orthogonalized bright operators and thus
It is easily seen that atom 1 and 2 couple to field b 1 n , while atom 2 also couples to b 2 n with a coupling strength that is determined by how imperfect the overlap of the original modes is (i.e., by β).
In order to demonstrate the case of linearly nonindependent modes, we will now consider the arrangement where the emitters are radially polarized and placed at the opposite sides of the sphere, i.e., r 1 = (r, π/2, φ) and r 2 = (r, π/2, φ + π). A careful analysis ofr 1 ·Ḡ (n) (r 1 , r 2 , ω) ·r 2 in this case yields the result of
thus, with |µ 21 n (ω)| = 1, we are looking at the situation of fully overlapping modes. Using (68), we can express one of the fields with the other:
Thus, we have eliminated the second field, obtaining a reduced manifold for the bright operators with N r = 1. According to (71), we define the matrix of coupling strengths
Having a single field now, there is no need for orthogonaliza-
n (ω) with N r = 1), thus we can write the effective Hamiltonian as
obtaining the Hamiltonian of a system where the two atoms interact with the same field.
C. Discrete effective model with a single emitter
So far, we have succeeded in building effective models where the field operators are labelled by the harmonic indices (and the parity p) and the sole continuous variable they depend on is ω. In the following derivation, we will get rid of the frequency dependence and construct discrete field operators that are only labelled by the index groupn. Thus, we will have an effective model where each plasmonic resonance peak (in case of a metallic system) has a single, discrete creation/annihilation operator associated to it.
For simplicity, we start with a system where a single quantum emitter interacts with its environment and so the effective Hamiltonian is (55). Eliminating ω from the interaction part naturally suggests the standard QED interaction Hamiltonian
where the field operator relates to the previously established set as
However, the variable that we eliminate is now ω, and it is present in the eigenvalues of the non-interacting Hamiltonian: thus, a dark-bright separation is no longer possible in the way previously discussed. In order to construct a discrete model, we follow a different path. Let us write the Schrödinger equation for this system, i.e., using the effective Hamiltonian (55),
Having a single emitter, it is reasonable to work in the singleexcitation subspace, thus we choose
(94) for our interaction-picture state vector. |e, 0 means that the emitter is in its excited state and the field is in vacuum, while |g, 1n ,ω represents the emitter being in the ground state and a single excitation in the field, created by an(ω). The equation of motion for the probability amplitudes reaḋ
In the following we will show that, depending on the spectral dependence of the atom-field couplings, it is possible to regroup cn ,ω in order to get probability amplitudes that depend only on the indicesn. For simplicity, let us use the model of (61), thereby having to keep track of the single index n only. Thus, the equations of motion will be the same, except we will have n = 1, 2, ... instead ofn = (n, m, p).
In order to proceed, we require an important feature of the atom-field coupling, namely, that it be of a Lorentzian profile:
the parameters γ n and ω n being the half-width and the center of the peak, respectively. For a spherical system, examining the structure of the Green tensor in more detail (see Appendix B), one finds that the resonance-like behaviour of the LDOS is due to the presence of the reflection and transmission coefficients in (B3). The only other terms with frequency dependence are the radial terms of the spherical vector harmonics: these superimpose oscillations onto the resonance peak. Consequently, if the period of these oscillations is larger than the γ n half-width of the peak (provided by the reflection coefficients), then the Lorentzian lineshape will be a good approximation for the local density of states. Thus we can state that the condition for the applicability of this approximation is
where r A is the radial coordinate of the atomic position and f is the relative electric permittivity at the atomic position. Fig. 5 shows that in case of an emitter interacting with a single metallic sphere, for a sphere and emitter-surface distances of sub-wavelength dimensions this is indeed a very good approximation.
Note that there is no need of a numerical fitting procedure in order to determine the center and the half-width of the resonances. Instead, one can construct the so-called mode equation [27] by requiring a non-trivial solution of the boundary condition equations. The solution of the mode equation is a complex number, the real part and the imaginary part being the central frequency and the half-width of the given resonance, respectively.
Let us define now the collective probability amplitude
Taking the time derivative of it and using the second equation of (95), we havė
where we have defined
t 0 being the instant when the initial conditions were set. Since in a realistic physical situation the contribution given by L n (ω) is negligibly small for ω < 0, we extend the integration to the totality of the real axis. Extending the integration also to the lower complex half plane and using the residue theorem yieldṡ
where ∆ n = ω n − ω A , i.e., the detuning between the atomic frequency and the center of a given mode. Formally integrating the second equation of (95) and substituting it into (99), we arrive to
dt e −i(∆n−iγn)(t−t ) c 0 (t ), (103) we can express the integral term and plug it back into (102), obtainingċ
Taking the initial condition where the emitter is excited and the field is in the vacuum state at t = t 0 , we have c n,0 (t) = c n,0 (t) = 0, and thus as equations of motion for the probability amplitudes we havė
With the above procedure, because of the structured nature of the field continuum, we managed to reduce it to discrete states, thereby getting rid of the continuous frequency dependence. Fig. 6 illustrates the procedure described above with a single resonance peak for the sake of simplicity. Taking into account the first N modes, the Schrödinger equation (in interaction picture), written in matrix form reads
wherē
FIG. 6: Two-level emitter interacting with a structured continuum, containing a single resonance peak. The dynamics happens in the subspace spanned by the states where either the emitter is excited and the field is in vacuum, or the emitter is in ground state and there is a single excitation in the field. κ (1) (ω) is the atom-field coupling coefficient. The continuum is structured as a Lorentzian function, with central frequency ωr and haf-width γr.
Without influencing the dynamics, we can renormalize the zero point of energy by applying the following unitary global phase transformation to the Schrödinger equation (106):
As a result, we get a discrete effective Hamiltonian which can be written in terms of operators as
which, along with (107), are among the most important results of this paper, having thus derived a model where each field operator a n corresponds to a single, lossy harmonic mode that has no continuous dependence on frequency. The parameters of the Lorentzian coupling enter as the peak coupling strength g n , as well as the central frequency ω n and spectral half-width γ n of mode n. The annihilation operators relate to those of the continuous model as
Applying the same procedure for model (55) yields (109) with the index exchange n →n. Note that (107) can provide a suitable framework for numerical calculations (see [28] as a good example), containing detunings rather than the original atomic and field energies/frequencies. Also, the structure requirements for the local density of states can be less strict upon deriving the discrete model: resonances with general Fano profiles (as in [29] for a lossy, multimode cavity) will also yield a similar Hamiltonian.
D. Discrete effective model with multiple emitters
To construct a discrete effective Hamiltonian in case of several emitters interacting with their environment, we can apply a procedure analogous to the one described previously. However, having had to orthogonalize the original set of modes with respect to emitter positions, the atom-field couplings κ jl n (ω) in (86) are different from the original, single-index couplings. It is essential to ascertain whether they inherited the Lorentzian resonance profile from the original κ ln (ω) couplings if we want to construct a discrete effective model for multiple emitters. As before, let us consider only a single index, n, for the following derivation.
According to definition (78), the possibly non-Lorentzian frequency dependence can only come from the coefficients A ji n (ω). These, in turn, originate from the construction (73) and so they contain combinations of the mode overlap µ ij n , as defined in (66).
According to the reasoning in the previous Section, if
where j and l are the relative electric permittivity values at the location of emitter j and emitter l, respectively, then we can make the approximation
where L n (ω) is the complex Lorentzian function defined in (97). Compared to it, the other, position-dependent terms vary so slowly in frequency that they can be regarded as constant over the width of the Lorentzian peak:
Thus, the mode overlap can be written as
Since, compared to L n (ω), µ jl n can be regarded as constant in frequency, the atom-field couplings between the emitters and the orthogonalized field operators will have the same Lorentzian dependence as the original couplings -only with a modified amplitude. Thus, based on (71), (78) and (96) we can writẽ
Having ascertained this, the same procedure can be applied as by the single-emitter problem. Also, starting from the Hamiltonian (86), the derived model is the same, only with the exchange n →n = (n, m, p). Thus, we obtain the discrete, effective Hamiltonian for N emitters interacting with their environment:
where now we have discrete, lossy modes interacting with the emitters, and the field operators are connected to those with continuous frequency dependence as
V. SUMMARY
The methods demonstrated in this paper allow for constructing easy-to-use, simple, effective cavity QED models, based on a full, mode-selective quantization of the system. We have established a clear connection between the resulting atom-field coupling constants and the Green tensor function of the system, through which the geometrical and material properties, as well as the emitter positions enter.
Two kinds of effective models were presented, namely, those where the field creation and annihilation operators depend on the frequency (continuous models), and those where they are spectrally discrete. For the latter, the structured nature of the local density of states was mandatory, i.e., each of them belong to a resonance peak in the LDOS.
We have demonstrated the procedure of creating such models through the example of a non-magnetic, spherically multilayered medium. However, the steps of the derivation are applicable in other systems as well, i.e., spheroidally or cylindrically layered, etc. As we have seen in Section III, it is the orthogonality relations of the vector harmonics that allow for a mode-selective quantization in terms of the harmonic indices. In a spherically layered medium, the translational symmetry is broken along one variable (r), thus, orthogonality is lost for one of the parameters (q). However, since for the discrete harmonic indices (n, m, p) the orthogonality is still valid, we were able to construct a mode-selective model in terms of these indices. Similarly, when creating a modeselective model in a layered geometry of a different symmetry, one must pay attention to how the orthogonality relations change due to the layered nature of the system. The resulting model will be mode-selective in terms of those harmonic indices for which the orthogonality relations apply even in the layered medium.
Note that the procedure can potentially be extended to describe interactions between emitters of more complex level structures and the environment surrounding them. In this case, the same field operators will couple to a richer manifold of atomic transition operators.
Thus, this method can be a powerful tool to project a wide variety of situations where quantum emitters interact with a structured reservoir on the effective picture of atoms interacting with the modes of a cavity, being thereby of potential interest in understanding the behaviour of a multitude of systems related to various fields of physics.
leading to the expressions
M(r, q) and N(r, q) are the continuous-spectrum eigenvectors of (A1) belonging to q 2 and L(r, q), which is a curl-less vector function, spans the nullspace of the operator.
The spherical vector harmonics form a complete basis [23, 24] . For readability, we define the notation
with which we define the orthogonality relations below. Taking the solution that is regular around the origin, that is, z n (qr) = j n (qr), i.e., the spherical Bessel function of the first kind, we have
where K = {M, N, L} are the spherical vector harmonics, and the parity p can be e (even) or o (odd). The normalization factor Q K nmp is defined as (17) . Note that choosing z n = h (1) n leads to the similar orthogonality relations, the only difference being the appearance of a factor of 2 in the normalization constants.
It is also easily seen that taking only the radial components of N and L, they too show orthogonality in the spherical harmonic indices. This property comes in handy when expanding the singular part of the direct Green tensor term in the spherical vector harmonic basis.
Appendix B: Green's tensor in a spherically multilayered medium
The Green tensor of a spherically symmetric, multilayered system can be calculated following [22] [23] [24] . Constructing the Green tensor of a layered medium (i.e. one that is homogeneous between the layer interfaces and only changes properties from layer to layer) involves two major steps: an expansion in the tensor-produced basis of the eigenfunctions of (A1) for the homogeneous medium and the determination of the expansion coefficients by imposing boundary conditions at the layer interfaces.
Generally, the dyadic Green's function of a multilayered medium is written as G(r, r , ω) = δ f sḠ0 (r, r , ω) +Ḡ S (r, r , ω),
where field point r and source point r are in the layers indexed with f and s, respectively. In case f and s are the same, a term appears in the Green tensor that represents direct propagation from r to r .Ḡ S accounts for the propagation between r and r due to the scattering of radiation on the surrounding layers.
In the basis of spherical vector harmonics, the direct (electric) Green tensor term assumes the form 
where -depending on whether the field or the source point is closer to the origin -one has to choose a spherical Bessel or a spherical Hankel function of the first type (upper indices (0) and (1), respectively) for the radial part of the vector harmonics. This ensures thatḠ 0 is regularized as its spatial arguments tend to the origin or infinity.
If in an N -layered medium r is located in layer f and r in layer s, the scattered term reads 
and the field and source wave numbers are 
meaning that the tangential component of the electric and magnetic field is continuous as we approach the boundary between two layers with the field point r from two sides of the interface between layers j and j + 1. Solving for each boundary, one obtains the coefficients inḠ S and thus the total Green tensor.
Appendix C: Dirac delta operator expanded on spherical vector harmonics
In order to perform the mode-selective quantization in the spherically symmetric system, we must also expand the singular term in (B2) in the spherical vector harmonic basis. To do so, we expand the total unit operator, choosing spherical Bessel functions for the radial parts, i.e., z n = j n . Because of the completeness of the basis, we can express the delta operator as δ(r − r ) = 
which, taking the notation of (A8), is the position representation of the unit operator expansion
In order to find A nmp (q), we multiply both sides with |M eigenfunctions:
M n m p (q )|1|M n m p (q ) = nmpˆ∞ 0 dqA nmp (q) × M n m p (q )|M nmp (q) M nmp (q)|M n m p (q ) .
(C3)
Using the orthogonality relations (A9) and performing the sums and integration we find
A nm e o (q) = q 2 (2n + 1)(n − m)! π 2 n(n + 1)(n + m)!(1 ± δ m0 ) ,
where the upper sign refers to p = e and the lower one to p = o. It is easy to verify that M n0o (r, q) = N n0o (r, q) = L n0o (r, q) = 0,
that is, for m = 0, p = o we do not need a coefficient in the expansion. Thus, the divergence in the expression (C4) does not pose a problem.
Repeating the procedure for the rest of the coefficients, we find1 
To expand the singular term inḠ 0 (B2) one simply takes ther ⊗r component of (C7).
